Discrete convexity : retractions, morphismsand the partition problem � pour on -1)+1 pour tous sa desfois dans un onses Par pour h pk‡4, on un a forms With for of is of of For forpk‡4, ap2 .Mathematics Subject Classification (MSC) 1991*05C99 Graph theoryCLOSURE GRAPH GEODESICS, ECKHOFF, GEODETIC

Pierre Duchet � Convexity morphisms and the partition problem 1 Introductiongroup of graphs for group Pursuing aaI astudy of of sets of has of of 14] for [17]˚for [19] for as of of ofconvex X-subsets, share axioms and here below. C . of is.(C3) of.by of Definition 1.1 and ). k2. subset of a such is If no such ¥. For p2 isFor [18] for (k-1)( -1)+1 , as holds of holds cases numbers are .holds arbitrary [12]or as [19]

Pierre Duchet � Convexity morphisms and the partition problem by for [3][15]) is for as soon is [15] proof of proofs usingof by [16] ofby of 2 General terminology, Helly and partition dimensions.for is no of or Ææ no For sets is (or by of for When C and D on ground say C is orDefinition 2.1 (sets). subset of (2.2)˚˚= ÆYæC ‘ Definition 2.3 Suppose is by on sets. Y Y is ) holds. as parameter,,of S byof S-subset, yC,(S)=if no such We use for ,of "(is use

Pierre Duchet � Convexity morphisms and the partition problem of .Defining property (expressed Corresponding dimensionaland notation("a˛A)˚aˇ ÆA%aæ ‹ ˚˚[h or h1 ‹ [k ˚ Æ[ or 2‹j Æjæ˚˚[k by so ˚‹ Æjæ. Such is a‹i ÆAiæ˚is (Tverberg-)(‹ is has non.(). mas aii11 22pp. of (resp. is (resp. ) hkrkhk ˚˚ k ˚. h1 1 2 =Tverberg number (or number for k our by of pk is our ). Our is

Pierre Duchet � Convexity morphisms and the partition problem hk˚= kh1 k ; hk rk (Levi’s inequality for kkk’ + 1 (k’ kk’ ˚ (k’ )3 Subspaces and retractsC[Y]={C˙Y ; C˛ C) . say by From , passing is no of of In suchkinds of for passing for of [of -subsets. In ])£y(C) of ‘Definition 3.4 ( of (resp. say is strong (resp. a is strong of is strong (resp. ˚Y. a(C) =˚C˙Y , is (resp. a

Pierre Duchet � Convexity morphisms and the partition problem (3.5.1) (().(3.5.2) ) .(3.5.3) (() .S is We for by (3.2) of ( for S We S of ˚iiI,jiij˚, ˚ forBy ) is ÆSjæD˚=˚ÆSjæC˙Y. contains ). j˚is j(j), ÆS’jæD, for S. (3.5.2)‘Remark 3.6. (3.5.1) for or strong of 4 Morphismsfor our Definition 4.1 (). Let (X,C) and f˚:˚XY ismorphism ) ˚˚Æf()æ ˚Ææ When f˚is such morphism morphism), is

Pierre Duchet � Convexity morphisms and the partition problem f˚:˚XY . (b) f is :(()Proof. We proof for proofs of +1. We of ˚ sii˚), The si ’s are chosen so that sl=sm as soon as l =m, of is S has +1, by .of proof is or (b) of our.f is is We ) Æjæj has by of so is . by of j}. )Æjæ‘Remark 4.3. For for we have rk(D)˚£˚rk(C5 Image and quotient of convexity spaces as of underf‹ ) ; and f() }‘‘ f[Y]. proof is

Pierre Duchet � Convexity morphisms and the partition problem In does (5.1.2) f is For f aDefinition 5.3 and conform ). a (resp. -(5.3.1) Æf(S)æfC = f(ÆSæC) .(5.3.2) Æf(S)æfC = f(ÆSæC‰f(S)‰ ‡˚2.(5.3.3) x .(5.3.4) x .5.4. (resp. ˚˚ ÆæfÆ(æfÆf()æ(4.1.1)‘subset of (5.1.2)) Æf(S)æfC ˚˝ÆSæC). us C such f(Sæ˚˝˚f(C). ). We ) ) (5.3.3) or (5.3.4) C of ,by . f(Sæ,‘5.6 of by r2(C)˚£˚r2(fC) , if r2(fC)˚‡˚2.1(11rk(Crk(fC) for all k

Pierre Duchet � Convexity morphisms and the partition problem 2(). ˚˚aof )+1 S has corresponds 2 of S. ÆSjæC˚˝˚Æf-1(S’j)æC˚,sj˚of 2of S1 or sayis f is 5.5 5.4 ). )+1 of j˚iiIj˚, ÆSjæC˚˝˚Æf-1(S’j)æC˚: jjf is Æjj’s. of‘Remark 5.7. 5.6 is shows fork2 of conform is (Rof RR of by R RRuse for6 Reduction to finite spacesPassing subspaces of of For 2 by of 6.1 of of 2.4). -is for so .

Pierre Duchet � Convexity morphisms and the partition problem of for , foras subset is - isof F-subsets C(Ææ]) ) is aof -px Ææ = 1 = 0 of 0’s is as of us R on Ææ as of Ææ Ror of of F R is Rof F-subsets Rof is - is as subset of RR. Ry(Fy(C). RR‘7 Reduction to finite point-convex spacesÆy.by ‘‘8 Reduction to Interval convexitiesis i) of qii : ti _ .

Pierre Duchet � Convexity morphisms and the partition problem In sets as X-subsets qi. by .such C is for us onX·X_X. Ææ of subset of of (8.1.1)I0(A(8.1.2))˚= I(ISetting Iw(A)˚= »(8.2) ÆAæ = Iw(AA ˝X.Remark 8.3. by by suggests as of8.4 (Burris [17]). of of is of

S

of of Burris’s possesses up aof of Burris’s of Proposition 8.5. of of of of . of (8.5.1)In is We (8.5.2) ¥(8.5.3) F

Pierre Duchet � Convexity morphisms and the partition problem I us of

(8.5.4) ˚˚= » ˚|

(8.1)) using of(8.5.5) .(8.5.6) (8.5.7) .

of‘us 8.5 By is ‘3.5 for of subset is proof for We by us suppose S is T non- for of ‘‘Remark 8.6. In proof use of 3.5 of :as9 Convexity simulation via graph geodesics[1] for of Graph of of is of of ofG is . .of is Iv,zv}graph "good for

Pierre Duchet � Convexity morphisms and the partition problem 9.1. [10] is of of (9.1.1) , (9.1.2)loss suppose sets. for of (resp. for (9.1.3) .(9.1.4) X.(9.1.5) * by I*. I* ¥X¥.¥ »¥for of of sets G‘‘Ææ()Ææ‘By (*) is of by is ‘‘Definition 9.5 . Graph as is graph is is (

Pierre Duchet � Convexity morphisms and the partition problem 9.6 [10]. of (*) of r2(˚r2(), as soon as r2(h1(C*)˚=˚h1(C), as soon as h1(C)‡2.)+1. S˚=˚(x(s))s˛S*, of * by S2 by of sets S2 of (1(* is ‘10 Equivalent forms for the partition problemby of is We Proposition 10.1. If holds for kholds for . In 11 22 pp of ˚= loss suppose ’s ii )i . )ii ). On CS = {f-1(C) ; C˛C}˚¨˚{{s(j)i }˚; 1£i£p , 2£j£if is by f(x) = for xs(j)ii ) a(x)˚=˚x ) fCS=C by 5.2). of is f is . 4.2 2(S˚2() = of ’ = (j)i i}. by of S f is .‘

Pierre Duchet � Convexity morphisms and the partition problem 10.2 [10]. If holds for . by by for by by 8.5.* of 2 = k) £k*) () 2(*) =() r2() .‘11 Open questions, remarks and suggestionsWe 1981 [13]) � In subgraph us isG.3 of of .I study of of Graphis I suggest study of () of of -+1 on [9] for such proof of for 3

Pierre Duchet � Convexity morphisms and the partition problem Bibliography[1] Graph 1 "The Handbook " (R. Portug. 183-185.London 422-428.[4] COHN, 1965. D. Pub. [5] DUCHET des Graphes [6] DUCHET dans ,[8] DUCHET sets graphs Comb. Theory 307-316. [9] DUCHET P., On 3 [10] DUCHET sets graphs [11] ECKHOFF Proc. of [12] ECKHOFF Handbook of [13] HAHN SANDS W O O D R O W [14] JAMISON-WALDNER on byand Proc. 2nd Conf. (D.C. [16] ROUDNEFF of 1984.